In [H. Taniguchi, On d-dimensional dual hyperovals in PG(2d, 2), Innov. Incidence Geom., in press], we construct d-dimensional dual hyperovals in PG(2d, 2) from quasifields of characteristic 2. In this note, we show that, if d-dimensional dual hyperovals in PG(2d, 2) constructed from nearfields are isomorphic, then those nearfields are isomorphic. Some results on dual hyperovals constructed from quasifields are also proved.
Introduction
Let GF(q) be finite field with q elements. Let d, m be integers with d 2 and m > d. Let PG(m, 2) be an m-dimensional projective space over the binary field GF(2). C. Huybrechts and A. Pasini define higher dimensional dual hyperovals in [5] . (R. Shaw [9] also defines conclaves in PG(m, q), which coincide our Definition 1 except the condition (3).) (1) any two distinct members of S intersect in a projective point, (2) any three mutually distinct members of S intersect in the empty projective set, E-mail address: taniguchi@dg.takuma-ct.ac.jp.
(3) the members of S generate PG(m, 2), and (4) there are exactly 2 d+1 members of S.
We want to know the relations between quasifields and higher dimensional dual hyperovals constructed from quasifields. [6] .) An algebraic structure (Q; +, •) is called a quasifield if it satisfies the following conditions:
Definition 2. (See
(1) Q is an abelian group under + with identity 0, (2) for all a ∈ Q, a • 0 = 0 • a = 0, (3) there exists an element 1 ∈ Q \ {0} such that 1 • a = a • 1 = a for all a ∈ Q, (4) In [10] , a construction of d-dimensional dual hyperovals in PG(2d, 2) using spreads of vector spaces over GF(2) is given. Using this construction, we have d-dimensional dual hyperovals from quasifields of characteristic 2, as follows. (2) . We fix an isomorphism φ : Q ∼ = GF(2 d+1 ) as a vector space over GF(2) which sends 1 ∈ Q to 1 ∈ GF(2 d+1 ). We denote by Tr the trace function from GF(2 d+1 ) to GF (2) . Let σ be a generator of the Galois group Gal(GF(2 d+1 )/ GF(2)).
In
Proof. S(Q)
consists of projective points, we must have x • s + x • t = 1. By the (6) of quasifield, there exists unique x such that x • s + x • t = 1, hence two distinct members X(s) and X(t) intersect in a projective point. Let 
. By the construction, the ambient space of S(Q) must be PG(2d, 2). 2
In this note, we prove the following theorem. According to Lüneburg [8] , for nearfields of size q n with q = 2 l for some l such that (q, n) satisfies the conditions of being a Dickson pair, there exist φ(n)/f non-isomorphic nearfields [8, Theorem 7.4] , where φ is the Euler function and f is the order of the multiplicative group generated by 2 in the integers modulo n. So, if n is a special number, such as one of the Mersenne primes (see [4, Section 2.5] or http://www.mersenne.org), there are a lot of non-isomorphic nearfields of size q n with q = 2 l for infinitely many l. (Indeed, if n = 2 p − 1 is a Mersenne prime, then (q, n) is a Dickson pair for q = 2 l with l = p, 2p, 4p, 8p, . . . .) Therefore, as a consequence of this theorem, since d is defined by the size of the nearfield as 2 d+1 = q n , for infinitely many d, there exist a lot of non-isomorphic d-dimensional dual hyperovals in PG(2d, 2).
Some automorphisms of S(N)
Let (N ; +, •) be a nearfield. Let S(N) = {X(t) | t ∈ N } be a dual hyperoval where Proof. Since the multiplication • is associative in the nearfield, for b ∈ N \ {0}, we have
Next, we prove the following characterization of the automorphisms {m b } of the dual hyperoval S(N) for b ∈ N \ {0}.
Lemma 5. Let Ψ be an automorphism of S(N) defined by
where f is some GF (2) 
Proof. Since Ψ is an automorphism of S(N), Ψ permutes d-subspaces {X(t) | t ∈ N }. We assume that Ψ (X(g(t))) = X(t),
where g : N → N is a one-to-one mapping. It is easy to see (2) is a GF(2)-linear mapping. Now let us define V t for any t ∈ N \ {0} as the Kernel of the mapping
Therefore, if we multiply x −1 from the left-hand side, since N \ {0} is the multiplicative group, we have g(t) = g (1) • t for t = 0, 1. Note also that g(t) = g (1) • t holds for any t ∈ N . Let us define the complement V 1 and V t of V 1 and V t in N as:
From these equations, and from g(t)
• t + t = 0, hence we have t = 0, which contradicts to the assumption that t = 0. If there exists
• t + t = 1, hence we have t = 1, which also contradicts to our assumption that t = 1. Thus, we conclude that V 1 must be N . Hence we have f (x) = x • b −1 if we put b −1 := g(1) as we explained before. Therefore we have Ψ = m b for some b ∈ N \ {0} by Lemma 4. 2
Proof of Theorem 10
We need the following characterization of d-dimensional dual hyperovals in PG(2d, 2). [1] , also see Del Fra [3] .) The subset
Proposition 6. (See Cooperstein and Thas
{the points on the members of the dual hyperoval}
By Proposition 6, we easily have the following corollary.
Now we consider the dual hyperovals S(N) constructed from nearfields N . For nearfields N 1 and N 2 , we denote by X 1 (t) for t ∈ N 1 the member of S(N 1 ) and by X 2 (t) for t ∈ N 2 the member of S(N 2 ).
We recall that, for the dual hyperovals S 1 and S 2 in PG(n, 2), the isomorphism Φ from S 1 to S 2 is defined as an automorphism of the ambient space PG(n, 2) which sends the members of S 1 to the members of S 2 . 
Φ((x, y)) = a(x), d(y) .
Proof. We note that any automorphism Φ : PG(2d, 2) → PG(2d, 2) is represented as: 
, for some non-zero a, b, c and d, we easily have
Hence if we replace Φ((x, y)) by Φ(m d•b −1 (Φ −1 (m c * a −1 (Φ((x, y)))))), we may assume that
Φ(X 1 (0)) = X 2 (0). Hence, we may assume that Φ({(x, 0) | y ∈ N 1 }) = {(x, 0) | y ∈ N 2 }.
Therefore, we have c(x) = 0. Thus, we may assume that Φ is represented as Φ((x, y)) = (a(x), d(y)). 2
The following proposition plays an important role in the proof of Theorem 10. 
Proof. By Lemma 8, we may assume that Φ is represented as Φ((x, y)) = (a(x), d(y)). Hence, the automorphism (x, y) → (f (x), y) of S(N 1 ) maps to the automorphism (x, y) → (a(f (a −1 (x))), y) of S(N 2
Now, we prove the Main Theorem. Proof. We assume that dual hyperovals S(N 1 ) and S(N 2 ) are isomorphic by Φ. Hence, as in the proof of Lemma 8, we may assume that Φ(
as Φ((x, y)) = (a(x), d(y)) for some GF(2)-linear mapping a(x) and d(y). Moreover, we may assume that Φ(X
1 (1)) = X 2 (1), because, if Φ(X 1 (a)) = X 2 (1) for some a = 0, then Φ(m a (X 1 (1))) = Φ(X 1 (a)) = X 2 (1
), hence we may replace Φ(x, y) by Φ(m a (x, y)). We define ρ by Φ(X 1 (t)) = X 2 (ρ(t)).
Then we have ρ(0) = 0 and ρ(1) = 1. By Proposition 9, we have
using the group isomorphism
and by Eq. (1) (if we recall the definitions of the mappings m b and m θ(b) ), we have
On the other hand, since Φ(X 1 (t)) = X 2 (ρ(t)) and since X 2 (ρ(t)) = {(x, (x * ρ(t)) σ +x * ρ(t)) | x ∈ N 2 \ {0}}, we have
for any x and t in N 1 . Since
Since d is a linear mapping, if we put x = 1, we have a(1) σ + a(1) = 0. Since the mapping a induces the following GF(2)-linear isomorphism of d-subspaces X 1 (0) and X 2 (0);
we have a(1) = 0, hence we have a(1) = 1. Now, since a(1) = 1, we have a(
by Eq. (2) if we put x = 1. Hence we have a(x) = θ(x) for x ∈ N 1 if we define θ(0) = 0. Therefore, by Eq. (2), we conclude that a(x • y) = a(x) * a(y) for any x, y ∈ N 1 . By (3), and since
, we see that the mapping a induces an isomorphism a : N 1 ∼ = N 2 of vector spaces over GF (2) . Since a(x • y) = a(x) * a(y) for any x, y ∈ N 1 , and a induces an isomorphism from N 1 to N 2 as vector spaces over GF (2), we see that the mapping a induces (N 1 ; •, +) ∼ = (N 2 ; * , +). 2
Some results on dual hyperovals constructed from quasifield Q
Firstly, we give some definitions.
Definition 11.
(See Kallaher [6] .) Let (Q; +, •) be a quasifield.
(1) The set
is called the kernel of Q. We note that K(Q) is a subfield of Q. (2) The middle nucleus N m (Q) of Q is defined as:
We note that N m (Q) \ {0} is a subgroup of Q.
In the following lemma, as in Lemma 4, we define some special automorphisms {m b } for b ∈ N m (Q) \ {0} of the dual hyperoval S(Q) = {X(t) | t ∈ Q} constructed from quasifield Q. 
Next, we give a characterization of the automorphisms m b for b ∈ N m (Q) \ {0}. We note that K(Q) ⊇ GF(2) since Q is a vector space over GF(2).
Lemma 13. We assume that
where f is a GF (2)
Proof. We may assume that Ψ (X(g(t) )) = X(t), where g : Q → Q is a one-to-one mapping with
Therefore, for any x and t in Q, we have
As a special case of (4), we have (2), there exists α ∈ K(Q) with α = 0, 1. We also assume that |Q| > 8. (Recall that d 2. If |Q| = 2 d+1 = 8, then (Q; +, •) is a finite field and N m (Q) \ {0} = Q \ {0}, hence, in this case, we are able to prove this lemma as in the proof of Lemma 5.) Hence we may assume that there exists t ∈ Q with t = 0, 1 such that
if we choose t which satisfies that t / ∈ {0, 1, α, α
Let us take t which satisfies (5). Since (4), we only have the following four cases for any x ∈ Q:
We recall the definition of K(Q). Then, if we multiply α ∈ K(Q) from the left-hand side of the above equations (a-1)-(a-4), we have Proof. Since the multiplication • has left distributive law in the semifields S 1 and S 2 , for any a ∈ S 1 , there exists an automorphism t a of S(S 1 ) such that t a (X 1 (t)) = X 1 (t + a) for any X 1 (t) ∈ S(S 1 ) by the mapping t a (x, y) = (x, y + (x • a) σ + x • a), since 
